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Abstrat. A general theory of permutation orbifolds is developed for arbitrary twist groups. Expliit expressions
for the number of primaries, the partition funtion, the genus one haraters, the matrix elements of modular
transformations and for fusion rule oeients are presented, together with the relevant mathematial onepts,
suh as Λ-matries and twisted dimensions. The arithmeti restritions implied by the theory for the allowed
modular representations in CFT are disussed. The simplest nonabelian example with twist group S3 is desribed
to illustrate the general theory.
1. Introdution
While the notion of permutation orbifold has been introdued in [1℄, the rst instane of a permutation orbifold
omputation is the work [2℄, where a Z2 permutation orbifold of the E8×E8 heteroti string has been onstruted
for the study of rank redution in orbifold models. Following [1℄, a ouple of papers investigated permutation
orbifolds, mostly through onsiderations related to modular invariane [3℄. Permutation orbifold tehniques have
been applied in [4℄ in the desription of seond quantized strings. To our knowledge, the rst systemati study
of permutation orbifolds appeared in [5℄, where the primary ontent, the genus one haraters and their modular
transformations, as well as the fusion rules have been dealt with for permutation orbifolds with yli twist group.
These results have been generalized to arbitrary permutation groups in [6℄, whih also laid the foundations
of a geometri interpretation of the results through the theory of overing surfaes. The mathematis of the
onstrution have been laried in [7℄ in the framework of Vertex Operator Algebras. Reently, permutation
orbifolds have been investigated in relation to the orbifold Virasoro master equation [8℄.
The present paper is an extension of [6℄ : after realling the basi results of that paper, it deals with suh ques-
tions as the matrix elements of arbitrary modular transformations and the struture of the fusion rules, and gives
an aount of the relevant mathematial onepts, e.g. Λ-matries and twisted dimensions. Relevant information
about permutation ations have been gathered in Appendix 2. Many important aspets of permutation orbifolds,
like simple urrents, the relation to 3D topologial eld theories, boundary onditions and unoriented surfaes,
have been left for future publiations in order to maintain the logial oherene of the paper. The struture of
the simplest nonabelian permutation orbifold based on the symmetri group on 3 letters is presented in Appendix
3 to illustrate the results of the main text.
2. Primaries and their haraters
Let us rst reall the most important results of [6℄. We onsider a permutation group Ω of degree n, and a
rational CFT C. The n-fold tensor power of C admits the permutations in Ω as symmetries, onsequently one
may orbifoldize this tensor power by the twist group Ω. We all the resulting theory the Ω permutation orbifold
of C, and denote it by C ≀Ω. Note that, properly speaking, it is an orbifold of the tensor power and not that of C,
but as we shall see one needs the knowledge of the latter to determine its properties. Beause orbifoldization does
not alter the entral harge, that of C ≀Ω is just n times the entral harge of C. The wreath produt notation for
permutation orbifolds stems from the following basi fat : if Ω1 and Ω2 are two permutation groups, then the
Ω2 permutation orbifold of C ≀ Ω1 is the same as the Ω1 ≀ Ω2 orbifold of C, i.e.
(C ≀ Ω1) ≀ Ω2 = C ≀ (Ω1 ≀ Ω2)(1)
where Ω1 ≀Ω2 denotes the wreath produt of the permutation groups Ω1 and Ω2 with the standard ( imprimitive
) ation [9℄. This fundamental result lies at the heart of most of what follows, e.g. it already enables us to
enumerate the primary elds of the permutation orbifold C ≀Ω : these are in one-to-one orrespondene with the
orbits of Ω on the set of pairs 〈p, φ〉, where p is an n-tuple of primaries of C, i.e. a map p : {1, . . . , n} → I if we
denote by I the set of primaries of C, while φ is an irreduible harater of the double D(Ωp) (.f. [10℄ and [11℄)
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of the stabilizer Ωp = {x ∈ Ω |xp = p}, the ation of Ω on the map p being the obvious one, and the ation of
x ∈ Ω on the pair 〈p, φ〉 given simply by
x 〈p, φ〉 = 〈xp, φx〉(2)
where φx(y, z) = φ(yx, zx) - note that if φ ∈ D(Ωp), then φ
x ∈ D(Ωxp), so that the above ation is well-dened.
A simple ounting argument gives then the number of primaries of C ≀ Ω :∣∣IΩ∣∣ = 1
|Ω|
∑
(x,y,z)∈Ω{3}
s|O(x,y,z)|(3)
where s = |I| denotes the number of primaries of C, Ω{k} is the set of ommuting k-tuples from Ω, and O(x, y, z)
denotes the set of orbits ( on the set {1, . . . , n} ) of the group generated by the triple x, y, z.
One we know how to label the dierent primaries, the next task is to determine their most important har-
ateristis, the most basi ones being the genus one haraters. The key ingredient to do this is to understand
the geometri aspet of orbifoldization, namely its relation to the theory of overing surfaes. The argument is
as follows : should the twist group Ω be trivial, i.e. should we onsider the n-fold tensor power of C, a primary of
this trivial permutation orbifold would be simply an n-tuple of primaries of C, and all interesting quantities would
fatorize aordingly. That is, we ould interpret this trivial permutation orbifold of C over some surfae Σ as if
we were atually onsidering C over a trivial n-sheeted overing of Σ. If the twist group Ω is non-trivial, then we
should still onsider n-sheeted overings of the surfae, but this time we have to allow non-trivial overings whose
monodromy group is a subgroup of Ω, and we have to sum over all suh ontributions whih may be interpreted as
instanton orretions. In ase the surfae Σ has no puntures nor boundaries we have to onsider only unramied
overings, but in general ramied overings have to be taken into aount beause of the twisted setors.
Let's see how the above rather general onsiderations apply to the omputation of the genus one haraters
of C ≀ Ω. In this ase the surfae under onsideration is a torus, and the allowed overings are haraterized by
a homomorphism from the fundamental group Z ⊕ Z of the torus into Ω, i.e. by a ommuting pair x, y ∈ Ω
orresponding to the images of the generators of the fundamental group. The resulting overing surfae is in
general not onneted, its onneted omponents - whih are all tori by Riemann-Hurwitz - being in one-to-one
orrespondene with the orbits of the image of the homomorphism, i.e. the subgroup generated by x and y. If
we denote by O(x, y) the set of these orbits, then eah ξ ∈ O(x, y) may be haraterized by three integers λξ, µξ
and κξ (f. Appendix 2) :
• λξ is the ommon length of all x orbits ontained in ξ
• µξ is the number of the x orbits in ξ, so that |ξ| = λξµξ gives the length of the orbit ξ
• κξ is the unique non-negative integer less than λξ suh that y
µξx−κξ belongs to the stabilizer of ξ - note
that xy = yx implies that the stabilizers of all points of ξ are equal.
If the modular parameter of the original torus is τ , then the modular parameter τξ of the overing torus orre-
sponding to the orbit ξ may be expressed as
τξ =
µξτ + κξ
λξ
(4)
Based on the above, the genus one harater of the primary 〈p, φ〉 of C ≀ Ω reads
χ〈p,φ〉(τ) =
1
|Ωp|
∑
(x,y)∈Ω
{2}
p
φ(x, y)
∏
ξ∈O(x,y)
ω
−κξ/λξ
pξ χpξ(τξ)(5)
In this last formula, pξ denotes the value of p on the orbit ξ - this is well-dened sine x, y stabilize p, onsequently
the latter is onstant on the orbits belonging to O(x, y) -, while for a primary p of C
ωp = exp
(
2πi(∆p −
c
24
)
)
(6)
denotes its exponentiated onformal weight, i.e. the eigenvalue of the Dehn-twist T : τ 7→ τ + 1.
Similar overing surfae onsiderations give at one the expression of the genus one partition funtion ZΩ of
C ≀ Ω in terms of that of C :
ZΩ(τ) =
1
|Ω|
∑
(x,y)∈Ω{2}
∏
ξ∈O(x,y)
Z(τξ)(7)
One may also express the higher genus partition funtions of C ≀Ω in terms of those of C [12℄, but the resulting
formulae are muh more ompliated, basially beause by the Riemann-Hurwitz formula the genus of a onneted
overing of a genus g > 1 surfae is always bigger then g .
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3. Modular representation and fusion rules
The expliit knowledge of the genus one haraters allows us to determine the matrix elements of the modular
transformations. It turns out that these matrix elements, as well as most of the quantities that we shall be
interested in later, depend on a set of quantities of the original theory C that are most eonomially desribed by
the Λ-matrix formalism presented in Appendix 1. In terms of this formalism, the matrix elements of a modular
transformation M : τ 7→ aτ+bcτ+d between the primaries of the permutation orbifold C ≀ Ω are given for c 6= 0 by
M
〈q,ψ〉
〈p,φ〉 =
1
|Ωp||Ωq|
∑
z∈Ω
∑
x,y∈Ωp∩Ωzq
φ(x, y)ψz(xayc, xbyd)
∏
ξ∈O(x,y)
ω
aµξ
cλξ
pξ Λ
(zq)ξ
pξ
(
aµξ + cκξ
cλξ
)
ω
µ˜ξ
(zq)ξ
(8)
where
µ˜ξ =
d(cλξ , aµξ + cκξ)
2
cλξµξ
and (k, n) denotes the greatest ommon divisor of the integers k and n, while for c = 0 they are easily expressed
in terms of the exponentiated onformal weights
ω〈p,φ〉 =
1
dφ
∑
x∈Ωp
φ(x, x)
∏
ξ∈O(x)
ω
1
|ξ|
pξ(9)
where dφ =
∑
x φ(x, 1), for we have (
T k
)〈q,ψ〉
〈p,φ〉
= δ〈p,φ〉,〈q,ψ〉ω
k
〈p,φ〉
Speializing Eq. (8) to the ase of the modular transformation S : τ 7→ −1τ , we get the result
S
〈q,ψ〉
〈p,φ〉 =
1
|Ωp||Ωq|
∑
z∈Ω
∑
x,y∈Ωp∩Ωzq
φ(x, y)ψ
z
(y, x)
∏
ξ∈O(x,y)
Λ
(zq)ξ
pξ
(
κξ
λξ
)
(10)
It is an easy exerise to hek that the above matrix is symmetri, onforming with Verlinde's theorem.
One we know the matrix elements of the transformation S, we an insert them into Verlinde's formula
to ompute the fusion rules of the theory. To this end, let's denote by Vg (p1, . . . , pN ) the spae of genus g
holomorphi bloks for the insertion of the primaries p1, . . . , pN . By the generalized Verlinde formula of [13℄, we
have
dimVg (p1, . . . , pN ) =
∑
q∈I
S
2−2g
0q
N∏
i=1
Sqpi
S0q
(11)
whih speializes to the usual Verlinde formula [14℄
Npqr := dimV0 (p, q, r) =
∑
s∈I
SpsSqsSrs
S0s
(12)
for g = 0 and N = 3. Inserting the expression Eq.(10) into Eq.(11) and performing various summations, we arrive
at
dimVg (〈p1, φ1〉 , . . . , 〈pN , φN 〉) =
1
|Ω|
∑
z1,... ,zN∈Ω
∑
x∈
⋂
N
i=1 Ωzipi
∑
θ∈Ωg(x|z1p1,... ,zNpN )
N∏
i=1
φi (c
zi
i , x
zi)
|Ωpi |
∏
ξ∈O(x|θ)
Dξ(z1p1, . . . , zNpN )(13)
Let's take a look at the new objets entering this formula. First, Ωg(x|p1, . . . , pN ) denotes the set of N+2g-tuples
[a1, b1, . . . , ag, bg, c1, . . . , cN ] of elements of Ω ommuting with x, whih satisfy the two onditions
1.
∏g
i=1[ai, bi]
∏N
i=1 ci = 1
2. ci ∈ Ωpi for eah i = 1, . . . , N .
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For a given θ ∈ Ωg(x|p1, . . . , pN ) we denote by O(x|θ) the set of orbits of the subgroup generated by x and the
elements of θ, and for a given ξ ∈ O(x|θ)
Dξ(p1, . . . , pN) =
∑
q∈I
S
(2−2g−N)µξ
0q
N∏
i=1
∏
ζ∈Oξi
Λpi(ζ)q
(
µξκζ
|ξ|
)
(14)
where µξ denotes the number of x orbits ontained in ξ, O
ξ
i is the set of those orbits of the group < x, ci > that
are ontained in ξ, pi(ζ) denotes the value of pi on the orbit ζ ∈ O
ξ
i - whih is well dened beause both x and
ci stabilize pi -, and κζ denotes the unique non-negative integer less than
|ξ|
µξ
suh that
xκζc
−
|ζ|µξ
|ξ|
i
lies in the stabilizer of ζ.
To get some familiarity with formula Eq.(13), let's onsider the fusion rules of primaries p̂ of the following
speial form : p̂ = 〈−→p , φ0〉, where −→p is the onstant map with image p ∈ I, while φ0(x, y) = δx,1. In partiular,
the vauum of C ≀ Ω is just 0̂. For this speial kind of primaries Eq.(13) tells us that
Np̂q̂r̂ =
1
|Ω|
∑
x∈Ω
N |O(x)|pqr(15)
and more generally
dimV0 (p̂1, . . . , p̂N) =
1
|Ω|
∑
x∈Ω
dimV0 (p1, . . . , pN)
|O(§)|
It should be stressed that the primaries of the form p̂ do not form a subring of the fusion ring, i.e. the fusion
produt of suh primaries ontains in general primaries that are not of the form r̂.
The formula Eq.(13) is quite ompliated, but an be omputed expliitly - and eetively - for any permutation
group Ω. There is no advantage to restrit one's attention to the fusion rules - i.e. the ase g = 0 and N =
3 -, for the resulting expression is basially of the same omplexity as Eq.(13). An important simpliation
ours if one observes that the generalized fusion rules of Eq.(13) are (multivariate) polynomials in the quantities
Dξ(p1, . . . , pN ), whih in turn fall into a lass of quantities formed from Λ-matrix elements of a very spei
struture. We term this lass of quantities twisted dimensions beause they generalize the ordinary dimension
of holomorphi bloks. Their denition is as follows : let g be a non-negative integer, and onsider a sequene
p1, . . . , pN ∈ I of primaries together with a orresponding sequene r1, . . . , rN ∈ Q of rational numbers. We
dene the genus g twisted dimension of the primaries p1, . . . , pN ∈ I with harateristis r1, . . . , rN via the
Verlinde-like formula
Dg
(
p1 . . . pN
r1 . . . rN
)
=
∑
q∈I
S
2−2g
0q
N∏
i=1
Λqpi(ri)
S0q
(16)
For some properties of twisted dimensions, see Appendix 1. At this point we just note that
Dg
(
p1 . . . pN
0 . . . 0
)
= dimVg(p1, . . . , pN)(17)
explaining our hoie of terminology.
While twisted dimensions for arbitrary harateristis share many properties with those for whih all harater-
istis are zero, there is an important dierene : the latter are always non-negative integers, being the dimensions
of spaes of holomorphi bloks, while the former may be in priniple arbitrary omplex numbers. This does not
mean that twisted dimensions do not satisfy arithmeti onditions, as they are the building bloks of the fusion
rules of the orbifold model, and the latter are non-negative integers. For example, in ase of Z2 permutation
orbifolds, there is a set of fusion rules that take the form
1
2
D0
(
p p q r
0 0 0 0
)
±
1
2
D0
(
p q r
0 12
1
2
)
(18)
Here p, q, r ∈ I are arbitrary primaries, and it follows from Eq.(17) that the rst term equals 12Nppqr. Beause
Eq.(18) should give non-negative integers, we get the result that
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Ypqr := D0
(
p q r
0 12
1
2
)
(19)
should be an integer of the same parity as Nppqr, with absolute value not greater than the latter. The above result
appears already in [5℄, where the fusion rules of Z2 permutation orbifolds had been rst presented expliitly, and
onforms the onjeture of [15℄, where the Y -matrix had been introdued. Let us note that in the speial ase
where r is the vauum, the matrix element Ypq0 is related to the trae of the braiding operator [16℄.
The above reasoning may be pursued for other twist groups, and leads to very stringent arithmeti onditions on
the allowed values of the twisted dimensions. Unfortunately, the resulting onditions are muh more ompliated
than in the Z2 ase, and their analysis is muh more involved. The integrality of some twisted dimensions also
enter in the analysis of the ongruene subgroup property of RCFTs [17℄. The arithmeti properties of twisted
dimensions have essentially a topologial origin, for it turns out that they are the partition funtions of so-
alled Seifert-manifolds, i.e. losed 3-manifolds admitting a free irle ation, in the 3D topologial eld theory
assoiated to C, but the details of this identiation would lead us too far aeld.
Finally, we note that while we have made no assumption on the harateristis in the denition of twisted
dimensions, it follows from Eq. (29) of Appendix 2 that all twisted dimensions entering a fusion rule have the
property that the sum of their harateristis is an integer.
Appendix 1 : Λ-matries
Let r = kn be a rational number in redued form, i.e. with k and n oprime and n > 0. There exists integers
x and y suh that kx − ny = 1, i.e. the matrix M =
(
k y
n x
)
belongs to SL(2, Z). If we denote by Mpq the
matrix element of the modular transformation τ 7→ kτ+ynτ+x between the primaries p and q, then we an dene
Λpq(r) = exp
(
2πir
(
∆p −
c
24
))
Mpq exp
(
2πir∗
(
∆q −
c
24
))
(20)
or symbolially Λ(r) = T rMT r
∗
, where r∗ = xn .
The rst thing to note is that while the numbers x and y are not determined uniquely, Λpq(r) is nevertheless
well-dened, for if x˜ and y˜ is another pair of integers suh that kx˜− ny˜ = 1, then x˜ = x +mn and y˜ = y +mk
for some integer m, and onsequently x˜n = r +m, while(
k y˜
n x˜
)
=
(
k y
n x
)
Tm
where T =
(
1 1
0 1
)
denotes the Dehn-twist, and the extra m-th powers of T anel eah other. A similar
argument shows that Λpq(r) does not depend on the integer part of r. In ase r = 0, we have k = 0 and n = 1,
and obviously Λ(0) equals the S-matrix. Moreover, the unitarity of the modular representation implies that Λ(r)
is a unitary matrix as well. Let's summarize the basi properties of Λ(r) :
1. Periodiity
Λpq(r + 1) = Λpq(r)(21)
2. Initial value
Λpq(0) = Spq(22)
3. Symmetry
Λpq(r
∗) = Λqp(r)(23)
4. Inversion
Λpq(1− r) = Λpq(r)(24)
5. Funtional equation
Λ
(
−1
r
)
= T
1
rST rΛ(r)T r̂(25)
where r̂ = r∗ +
(
1
r
)∗
= 1kn .
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Note that in the speial ase r = 0, the symmetry property Eq. (23) expresses the symmetry of the modular
matrix S, while the inversion property Eq. (24) is the expression of the fat that the matrix S2 is the harge
onjugation matrix. As to the funtional equation Eq. (25), it is the modular relation (ST )3 = S2 in a disguised
form. The periodiity property Eq. (21) and the funtional equation allows in priniple to express Λ(r) in terms
of S and T , e.g. using a ontinued fration expansion of r. Some simple ases are listed below :
1.
Λ
(
1
n
)
= T−
1
nS−1T−nST−
1
n
2.
Λ
(
k
nk + 1
)
= T−
k
nk+1S−1T−nST kST
n
nk+1
In partiular, we have
Λ
(
1
2
)
= T−
1
2S−1T−2ST−
1
2 = P
where P is the matrix introdued in [15℄ in the ontext of open strings on non-orientable surfaes, and whih also
appeared in [5℄ in the desription of Z2 permutation orbifolds.
Let's now take a loser look at twisted dimensions dened through Eq. (16). It follows from Eq. (21) that
they are periodi ( with period 1 ) in the harateristis. The inversion property Eq. (24) leads to
Dg
(
p1 . . . pN
r1 . . . rN
)
= Dg
(
p1 . . . pN
1− r1 . . . 1− rN
)
(26)
while the unitarity of the Λ-matrix leads to
Dg
(
p1 . . . pN
r1 . . . rN
)
=
∑
q∈I
Dh
(
p1 . . . pl q
r1 . . . rl r
)
Dg−h
(
q pl+1 . . . pN
−r rl+1 . . . rN
)
(27)
where 0 ≤ h ≤ g and 1 ≤ l < N , with r an arbitrary rational number, generalizing the usual properties of fusion
rule oeients.
Appendix 2 : Permutation ations
In this appendix we ollet some useful fats about permutation ations, whih are used here and there in the
main text.
Consider a k-tuple of ommuting permutations 〈x1, . . . , xk〉 of the same degree, and an orbit ξ ∈ O(x1, . . . , xk).
Denoting by Fk the free abelian group of rank k generated by X1, . . . , Xk , the assignment Xi 7→ xi denes a
transitive permutation ation of Fk on the points of ξ. The stabilizer of a point under this ation (beause Fk
is abelian all point stabilizers are equal) is again a free abelian group of rank k ( and of index |ξ| in Fk ), with
generators
Yi =
k∏
j=1
X
sji
j i = 1, . . . , k
where s is an integer matrix. By a well known theorem, suh a matrix might be transformed into a unique
Hermite normal form h whih still represents the same subgroup of Fk, but whih is upper triangular, its diagonal
elements being non-negative integers whose produt equals the index |ξ| of the subgroup, and whose o-diagonal
entries hij in the i-th row satisfy 0 ≤ hij < hii. In other words, all suh transitive ations are haraterized up to
equivalene by the matrix h. In partiular, for a pair < x, y > of ommuting permutations the orbits ξ ∈ O(x, y)
are haraterized by a matrix
h =
(
λξ −κξ
0 µξ
)
with λξµξ = |ξ| and 0 ≤ κξ < λξ.
Next, onsider a permutation group Ω ating transitively on the set X , and a entral element z ∈ Z(Ω).
Beause the yli subgroup generated by z is normal in Ω, its orbits form a blok system, in partiular they all
have the same length λ dividing |X |, and they are permuted among themselves by Ω. For an arbitrary x ∈ Ω
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, eah orbit ξ ∈ O(z, x) of the subgroup generated by z and x may be haraterized by a triple (λ, µξ, κξ) -
obviously z and x ommute by the entrality of the former. Let's dene
ρ(z, x) =
∑
ξ∈O(z,x)
κξ
λ
(28)
The basi property of ρ is that
ρ(z, xy) = ρ(z, x) + ρ(z, y) (mod 1)(29)
The proof goes as follows : if we denote by Σ the set of z orbits - remember that they form a blok system - and
by Zλ the additive group of integers mod λ, then we an write X = Zλ × Σ (an observation that goes bak to
Galois), with z ating on a pair (i, p) ∈ Zλ × Σ as
z(i, p) = (i+ 1, p)(30)
For x ∈ Ω there exists πx ∈ Sym(Σ) and τx : Σ→ Zλ suh that
x(i, p) = (i + τx(p), πx(p))(31)
Clearly, these quantities satisfy
πxy = πxπy(32)
τxy = τx ◦ πy + τy(33)
beause Eq. (31) denes a permutation ation. Eah orbit ξ ∈ O(z, x) is of the form ξ = Zλ × ξ
∗
for some orbit
ξ∗ of πx on Σ, and this orrespondene is one-to-one. An easy omputation shows that
κξ =
1
λ
∑
p∈ξ∗
τx(p)(34)
and onsequently
ρ(z, x) =
1
λ
∑
p∈Σ
τx(p)(35)
This last equation together with Eq. (33) implies the assertion.
An important onsequene of Eq. (29) is that if the produt of the elements x1, . . . , xN ∈ Ω belongs to
the ommutator subgroup Ω′ of Ω, i.e.
∏N
i=1 xi ∈ Ω′, then
∑N
i=1 ρ(z, xi) is an integer, that is the sum of the
harateristis in Eq. (14) is an integer.
The dependene of ρ on its rst variable is more ompliated. We just quote the following result
ρ(zk, x) = m(k, λ)ρ(z, x) (mod 1)
where m is a solution of the ongruene
km
(k, λ)
≡ 1 (mod
λ
(k, λ)
)
Appendix 3 : The S3 permutation orbifold
In this appendix we present the struture of S3 permutation orbifolds, whose twist group is the symmetri
group on 3 letters. The omputations have been performed using the software pakage GAP [18℄.
Suppose we are given a RCFT C with entral harge c, partition funtion Z (τ) and primaries in the set I.
Beause the degree of S3 is 3, the entral harge of the permutation orbifold C ≀S3 is 3c, and from formula Eq.(3)
we get for the number of its primaries
1
6
(
s3 + 21s2 + 26s
)
(36)
where s = |I| is the number of primaries of C. The partition funtion is
ZS3 (τ) =
1
6
Z3 (τ) +
1
2
Z (τ)
(
Z (2τ) + Z
(τ
2
)
+ Z
(
τ + 1
2
))
+(37)
1
3
(
Z (3τ) + Z
(τ
3
)
+ Z
(
τ + 1
3
)
+ Z
(
τ + 2
3
))
(38)
The genus one harater χp (τ) of a primary p ∈ I of onformal weight ∆p has the form
χp (τ) = q
(∆p−c/24)χ̂p (τ)
PERMUTATION ORBIFOLDS 8
where q = e2piiτ , and χ̂p (τ) =
∑
n=0 anq
n
is a holomorphi funtion of q with non-negative integer oeients
an, whih we all the regular part of the harater.
To enumerate the primaries of C ≀ S3, one has rst to enumerate the maps from {1, 2, 3} to I, i.e. triples of
primaries from I. To this end it is onvenient to introdue a (arbitrary) total ordering < on I, whih we shall
assume taitly from now on. Triples of primaries are partitioned in three lasses :
1. 〈p, q, r〉 with no two omponents equal : p 6= q 6= r. The stabilizer of suh a triple is the trivial subgroup,
and the orbits under S3 of suh triples ontain a representative with p < q < r.
2. Triples where two omponents are equal, but dier from the third one. In this ase the stabilizer is a Z2
subgroup, and eah orbit ontains a representative of the form 〈p, p, q〉 with p 6= q.
3. Triples 〈p, p, p〉 with all omponents equal. The stabilizer is the full group S3.
Let's begin with the rst ase. Beause the stabilizer is trivial, its double has only one irrep, so we don't need to
introdue any extra label, i.e. a triple 〈p, q, r〉 with p < q < r orresponds to a primary of C ≀ S3. The following
table ontains respetively the onformal weight, the Frobenius-Shur indiator (see [16℄) and the regular part of
the genus one harater of the orresponding primary.
∆p +∆q +∆r
νpνqνr + Cpqνr + Cqrνp + Crpνq
χ̂p (τ) χ̂q (τ) χ̂r (τ)
The notation Cpq stands for the matrix elements of the harge onjugation operator, i.e. Cpq = δp,q .
Let's now onsider the seond ase, i.e. a triple of the form 〈p, p, q〉 with p 6= q. As the stabilizer is Z2 , its
double has four irreps, i.e. to eah suh triple there orresponds four dierent primaries. We'll label them simply
by an integer from {1, . . . , 4}, and the following table summarizes their properties.
2∆p +∆q
1
1
2νpνq (νp + 1)
1
2 χ̂q (τ)
(
χ̂2p (τ) + χ̂p (2τ)
)
2∆p +∆q
2
1
2νpνq (νp + 1)
1
2 χ̂q (τ)
(
χ̂2p (τ)− χ̂p (2τ)
)
1
2∆p +∆q +
c
16
3 νpνq
1
2 χ̂q (τ)
(
χ̂p
(
τ
2
)
+ χ̂p
(
τ+1
2
))
1
2∆p +∆q +
c
16 +
1
2
4 νpνq
1
2 χ̂q (τ)
(
χ̂p
(
τ
2
)
− χ̂p
(
τ+1
2
))
Finally, we have the triples of the form 〈p, p, p〉 for whih the stabilizer is S3, whose double has eight irreduible
haraters whih we'll simply label by an integer from {1, . . . , 8}. Their harateristis look as follows (ǫ = e
2pii
3
is a third root of unity).
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3∆p
1
1
2νp (νp + 1)
1
6
(
χ̂3p (τ) + 3χ̂p (τ) χ̂p (2τ) + 2χ̂p (3τ)
)
3∆p
2
1
2νp (νp + 1)
1
6
(
χ̂3p (τ) − 3χ̂p (τ) χ̂p (2τ) + 2χ̂p (3τ)
)
3∆p
3 ν2p
1
3
(
χ̂3p (τ)− χ̂p (3τ)
)
3
2∆p +
c
16
4 ν2p
1
2 χ̂p (τ)
(
χ̂p
(
τ
2
)
+ χ̂p
(
τ+1
2
))
3
2∆p +
c
16 +
1
2
5 ν2p
1
2 χ̂p (τ)
(
χ̂p
(
τ
2
)
− χ̂p
(
τ+1
2
))
1
3∆p +
c
9
6 νp
1
3
(
χ̂p
(
τ
3
)
+ χ̂p
(
τ+1
3
)
+ χ̂p
(
τ+2
3
))
1
3∆p +
c
9 +
1
3
7 νp
1
3
(
χ̂p
(
τ
3
)
+ ǫχ̂p
(
τ+1
3
)
+ ǫχ̂p
(
τ+2
3
))
1
3∆p +
c
9 +
2
3
8 νp
1
3
(
χ̂p
(
τ
3
)
+ ǫχ̂p
(
τ+1
3
)
+ ǫχ̂p
(
τ+2
3
))
Note that we get a total of
s (s− 1) (s− 2)
6
+ 4s (s− 1) + 8s
primaries, in aordane with Eq.(36).
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